PACS number(s): 11.15.-q, 04.62.+v, 04.60.-m We present a generalization of the Frolov-Slavnov invariant regularization scheme for chiral fermion theories in curved spacetimes. The Lagrangian level regularization is explicitly invariant under all the local gauge symmetries of the theory, including local Lorentz invariance. The perturbative scheme works for arbitrary representations which satisfy the chiral gauge anomaly and the mixed Lorentz-gauge anomaly cancellation conditions. Anomalous theories on the other hand manifest themselves by having divergent fermion loops which remain unregularized by the scheme. Since the invariant scheme is promoted to also include local Lorentz invariance, spectator fields which do not couple to gravity cannot be, and are not, introduced. Furthermore, the scheme is truly Weyl(chiral) in that all fields, including the regulators, are left-handed; and only the left-handed spin connection is needed. The scheme is therefore well-suited for the perturbative study of all four known forces in a completely chiral fashion. In contrast with the vector-like formulation, the Adler-Bell-Jackiw current is also regularized. * Electronic address: laynam@vtvm1.cc.vt.edu † Electronic address: soo@vpihe1.phys.vt.edu 1
I. INTRODUCTION
It is believed that the existence of an invariant regularization for a quantum field theory of chiral fermions is synonymous with the absence of perturbative anomalies. If so, then an invariant regularization must exist for any theory which satisfies the perturbative anomaly cancellation conditions. Conversely, if the cancellation conditions are not satisfied, then no invariant regularization scheme can be found
1 . Yet, until lately, almost all regularization schemes that have been constructed for perturbative anomaly-free chiral theories do not explicitly preserve even the gauge symmetries of the theory. It is interesting to ask whether an explicitly invariant regularization scheme for chiral fermions can be constructed so that it successfully regularizes the theory when the representation of the chiral fermion multiplet is anomalyfree, and fails to do so precisely when the representation is not. Based on the work of others [1] [2] [3] [4] [5] [6] , we shall present such a scheme of regularization at the Lagrangian level.
Frolov and Slavnov [1] first proposed an explicitly gauge invariant regulation which makes essential use of an infinite tower of Pauli-Villars-Gupta [7] regulators. The theory was originally based on the SO(10) multiplet [13] or rather, the 16-dimensional chiral (with respect to Γ 11 ) representation of Spin(10) -with the Standard Model embedded in it. Since invariant regulator mass terms are required for this type of Pauli-Villars-Gupta regularization, it is necessary to "double" in internal gauge group space by also including fields which transform according to the complex conjugate representation. The tower of regulators is therefore neutral with respect to Γ 11 , and can regularize only the color singlet part of the of the 1 4 (1 − Γ 11 )(1 − γ 5 ) projection of the bare gauge current. However, it is shown that the Γ 11 part gives rise to no further divergences due to the fact that the trace of four or less generators of Spin(10) with Γ 11 vanishes. Frolov and Slavnov also proposed a discretization of the theory [2] . It is believed that the Nielsen-Ninomiya [8] no-go theorem is surmounted due to the infinite tower. It was not at that time clear if the method generalizes to arbitrary anomaly-free chiral theories although it is straightforward to generalize to SO(2n) ≥ 10 groups.
Okuyama and Suzuki [6] clarified and generalized the original Frolov-Slavnov idea to include fermion multiplets in arbitrary real and pseudoreal representations. However, the generalization to curved spacetimes and abelian gauge groups remains somewhat unclear.
The scheme was considered in a different light by Fujikawa [3] , and by Narayanan and Neuberger [4] . They doubled in external or Lorentz space by including right-handed as well as left-handed regulator fields. In these vectorlike formulations, no doubling in the internal symmetry group is needed. To study non-perturbative effects, Narayanan and Neuberger [9] also proposed the "overlap formalism" by treating the extra index associated with the tower of regulators as an additional dimension of spacetime, and by defining the chiral fermion determinant as the overlap of two different gound states of the higher dimensional theory. As such, the Nielson-Ninomiya no-go theorem of putting chiral fermions on a lattice may be overcome by treating the chiral theory in 2n dimensions as the target of another in (2n+1) dimensions in which there is no concept of chirality.
In these vector-like formulations, the tower is parity even or γ 5 -neutral. So doubling in external space by including right-handed fields now regularizes the left-right symmetric part, leaving the γ 5 part of the bare gauge current untouched. For anomaly-free theories, it can be argued that there are no divergent parity-odd diagrams. So the gauge current is regularized and this holds for arbitrary anomaly-free representations. However, as noted by Fujikawa [3] , the chiral γ 5 or Adler-Bell-Jackiw(ABJ) current fails to be regularized. There is the well-known divergent triangle diagram which gives rise to the ABJ-anomaly [11] which must be present because the massive regulators break γ 5 invariance. Thus barring additonal regularization [3] , the vector-like Lagrangian level regularization cannot be argued to have taken care of all the divergences. It is remarkable that in the totally left-handed Frolov and Slavnov formulation, the ABJ current is regularized, in contrast with the vector-like formulation.
What happens when the Frolov-Slavnov regularization scheme is promoted to include local Lorentz invariance and the effects of curved spacetimes? According to Frolov and Slavnov, the Standard Model(or any anomalyfree subgroup of SO(10)) can be recovered from by taking the gauge field, W µ , to lie only in the relevant subgroup [1] . However, if the regularization is extended to include invariance under local Lorentz transformations, this would mean that, in particular, the extra "neutrino" which is not coupled to any internal gauge field, becomes physical due to its coupling to gravity.
In the vector-like formulation, right-handed regulator multiplets are needed. Right-handed multiplets can only be introduced in a covariant way for curved spacetimes only if one also allows for right-handed spin connections. Thus the multiplets are chiral with respect to the internal forces but vector-like with respect to gravity 2 . The original bare action is however Weyl. In Ref. [6] , the regulator fermions are coupled chirally to internal gauge groups but spectator right-handed fermions are also introduced to write down the propagator. When gravity is turned on, this would imply that not only are the regulators now coupled to gravity, 3 the doublers for the original multiplet introduce extra physical degrees of freedom as their presence can be detected through their gravitational interactions. There can be no passive spectators if the regularization scheme is promoted to also respect local Lorentz invariance. Furthermore, it is also known that the inclusion of gravity can give rise to a further perturbative anomaly which is the mixed Lorentz-gauge anomaly [14] .
In what follows, we extend the Frolov-Slavnov regularization to anomalyfree chiral theories in arbitrary complex(in general) representations 4 in curved spacetimes. The regularized chiral fermion action is explicitly gauge, Lorentz, and diffeomorphism invariant, and is truly chiral(Weyl) in the sense that only left-handed spin-connections and left-handed multiplets are introduced. It is known through the work of Ashtekar and others [15, 16] that the (anti)selfdual formulation of gravity which involves only left-handed spin connections, rather than the full spin connection, may provide a complete description of gravity in four dimensions. Furthermore in these descriptions, no righthanded fermions can be introduced [17, 18] . The proposed regularization is therefore well suited for the study of all the four known forces in a completely chiral manner [18] .
We shall show that the generalization regularizes the chiral theory if and only if the theory is free of all perturbative chiral gauge anomalies, including the Lorentz-gauge mixed anomaly. In this explicitly invariant scheme, anomalous theories manifest themselves by having divergent fermion loops which remain unregularized. 2 Recall that even a Majorana fermion couples to both the left and right-handed spin connections.
3 It can be shown later on that the regularized gauge current reduces to the original as the regulator masses go to infinity. 4 The representations may also be reducible. An example is the SU (5) GUT model.
II. BARE ACTION AND INVARIANT MASSES
The bare chiral fermion action may be taken to be
where
, and e denotes the determinant of the vierbein.
is the left-handed projection operator. We adopt the convention
with η AB = diag(−1, +1, +1, +1). Lorentz indices are denoted by uppercase Latin indices while Greek indices are spacetime indices.
In general, the fermion multiplet, Ψ − L 0 , is in a complex representation. Recall that if the generators 5 , T a , satisfy
then (−T a ) * satisfy the same Lie algebra. If there exists an S such that S −1 (−T a ) * S = T a , then the representation is called real(pseudoreal) if S is symmetric(antisymmetric). Otherwise, the representation is termed complex.
With only a single left-handed multiplet, Lorentz invariant mass terms are Majorana in nature. The simple form of Ψ T L C 4 Ψ L is not invariant under internal symmetry transformations. 6 However with real representations, an invariant mass term, mΨ T L SC 4 Ψ L , can be constructed from a single multiplet. Observe that for a non-vanishing mass term, S has to be symmetric for anticommuting fields and antisymmetric for commuting fields. For complex representations, a gauge and Lorentz invariant mass term cannot be made out of a single multiplet. This poses a problem for the usual invariant PauliVillars-Gupta regularization, even though the chiral fermions may belong to an anomaly-free representation. A challenge for anomaly-free chiral theories is to come up with an explicitly gauge and Lorentz invariant regularization. 5 We adopt the convention of (T a ) † = T a , and real structure constants. For invariance of the action, the representation has to be unitary.
6 C 4 is the charge conjugation matrix in four dimensions with C
We shall generalize the method of Frolov and Slavnov by including regulators which are doubled in internal space. If we double in internal space by also including fermions which transform according to the (−T a ) * representation, then an invariant mass term can be formed because, if
is invariant under internal gauge and Lorentz transformations.
By introducing
; (5) where d denotes the number of internal components of the original multiplet, we may write the original multiplet as 0 Ψ
and the mass terms for the regulator fermions,
can be expressed as m r (Ψ T Lr σ 1 C 4 Ψ Lr + h.c.). The doubled regulator fermion multiplets are to be coupled to the 2d-dimensional representation of the gauge connection, W µa T a . The Ψ Lr fields are assumed to be anticommuting. Commuting doubled regulator fields Φ Ls are introduced in a similar manner. These have mass terms
with
Note that these invariant mass terms for the doubled anticommuting and commuting fields exist, because for the T a representation, there is symmetric(σ 1 ) and an antisymmetric(iσ 2 ) matrix which satisfy
It is clear that these constructs work for arbitrary groups and representations, T a . Note also that all the fields are left-handed. The question is whether the chiral theories will become regularized. We shall show that this generalization of the Pauli-Villars-Gupta method can regularize chiral fermions perturbatively in the original sense of Frolov and Slavnov if and only if the conditions for perturbative anomaly cancellations, including the mixed Lorentz-gauge anomaly, are satisfied.
III. THE REGULARIZED ACTION
The total regularized action which is explicitly gauge and Lorentz, and also diffeomorphism 8 invariant is taken to be
The sums are over all even natural numbers for the anticommuting fields and over all odd natural numbers for the commuting fields. The usefulness of this convention will become apparent later on. With the exception of
which is the original and undoubled chiral massless (m 0 = 0) fermion multiplet; all other anticommuting Ψ Lr and commuting Φ Ls multiplets are generalized Pauli-Villars-Gupta regulator fields which are doubled in internal space, and are endowed with Majorana masses m n = nΛ. We emphasize that due to the fact that all the multiplets are left-handed, there are no couplings to 8 If we also allow all the fields to transform under general coordinate transformations. Here, we regularize only fermion loops in background fields, and do not address the question of the regularization of the gravitational and gauge fields. Gauge propagators may be regularized by other methods. Full quantum gravity effects are beyond the scope of this paper.
right-handed spin connections which do not need to be introduced for the Weyl action.
In matrix notation, the regularized fermion action can be reexpressed as
To be compatible with the diffeomorphism invariant measure [12] ,
for the fields in curved spacetimes, we have also chosen the densitized variables defined byΨ
and similarly forΦ Ls andΦ Ls . For clarity, we shall use the explicit chiral representation with
In the above, τ a = −τ a (a=1,2,3) are Pauli matrices, and τ 0 = τ 0 = −I 2 . By writing in terms of left-handed two-component Weyl fermions,
and
the propagators in background gauge and gravitational fields can then be read off as
In arriving at this, we may note the identities
Furthermore, with respect to the Euclidean inner product,
9 Note that for Lorentzian signature spacetimes, ψ r = iψ † r whereas in case of Euclidean signature, ψ r is an independent field. 10 In writing down the propagator, we do not in general assume the absence of torsion. If the torsion vanishes, then
The Euclidean propagator is therefore
In a similar manner, for the commuting regulators,
IV. THE REGULARIZED CURRENTS
The original gauge current is
With the regulators, the classical current coupled to W µa is
Note that there is a 1 2
(1 − σ 3 ) projection associated with the undoubled original fermion multiplet. As with conventional Pauli-Villars-Gupta regularization, the regulated composite current operator is summarized by [3] 
The gauge fields W µa and A µAB are real and, γ A and iσ AB are hermitean for Euclidean signature manifolds.
The trace runs over Dirac and Yang-Mills indices.
With the expressions for the propagators, and the choice of m n = nΛ for the regulator masses, we obtain
In the above, note that n is summed over all integers.
The effect of the tower of regulators is to replace the divergent bare expression,
by
(32) This general feature of the effect of the tower shows up in all the regularized gauge currents.
The regulator function
has the required properties [1, 3, 6 ] to ensure convergence. For instance, it falls rapidly to zero as z → ∞; and when the regulator masses are taken to ∞, f (0) = 1. However, the σ 3 part of the current remains unregularized, essentially because the tower consists of regulators which are doubled in internal space and is "σ 3 -neutral". It therefore can regularize only the singlet part of the 1 2 (1 − σ 3 ) projection of the bare current. Thus, it remains to be checked that for chiral theories free of perturbative anomalies, the σ 3 part gives rise to no further divergences, and can in fact be argued to be convergent. When this is true, the total current is then successfully regularized by the tower of regulators.
As an example, to specialize to the original Frolov-Slavnov proposal [1] for SO(10), we take the d = 16-dim. representation of Spin (10) 
* and {C 10 , Γ 11 } = 0. Frolov and Slavnov first observed that for the SO(10) theory with a 16-dimensional Spin(10) chiral multiplet, it can be argued that the Γ 11 part of the current gives rise to no divergences in four-dimensions since by power counting, the amplitudes for the relevant divergent fermion loop diagrams are proportional to the traces of four or less generators of Spin(10) with Γ 11 ; and these traces vanish identically. For arbitrary anomaly-free representations, we shall argue in the same spirit that the analogous σ 3 part of the currents gives rise to no further divergences.
V. ANOMALIES AND CONDITIONS FOR REGULARIZATION
We shall expand 12 the vierbein as E 
is the flat spacetime Dirac operator in the absence of all gauge fields, and
The inverse operator has the expansion
which can be substituted into expression (32). Perturbative multi-point correlation functions can be generated by functionally differentiating the regularized currents with respect to the fields. In order to obtain the conditions that guarantee no divergences from the unregulated σ 3 part of (32), we may note the that T r(σ 3 ) = 0 and B / is linear in T a . The only term containing T a is E µ A W µa T a . Furthermore, non-vanishing diagrams from the unregulated σ 3 part must involve
for some value of n. Here, the trace is over internal indices.
12 It is known that momentum representation is not valid for a general curved spacetime.
To obtain the condition for convergence, we can consider a generic fermion loop diagram with non-vanishing amplitude involving this condition. The vertices can be separated into those which involve T a and those which do not. The diagram will involve n and k vertices of these respectively. Potential complications due to curved spacetimes come essentially from the h µ A terms. Contributions from the Lorentz connection are rather straightforward since the coupling involves no derivatives and there is also no coupling between A µAB and T a . Diagrams involving vertices due to the Ψ L h µ A iγ A ∂ µ Ψ L terms have derivative couplings. These vertices carry weight γ A i∂ µ and diverges linearly with the momentum. Thus the most divergent fermion loop diagram obeying (39) involve, in general, up to k of these iγ A ∂ µ vertices, m vertices due to couplings of the type
Note also that each propagator between vertices costs ∂ / f −1 . For the purpose of power counting such fermion loops, the amplitude therefore behaves symbolically like
In momentum space in four dimensions, on integrating over the loop momentum, this goes like
Clearly, the degree of divergence is (4 − n). Therefore if we demand that
we can argue, as Frolov and Slavnov did for SO (10) , that the σ 3 part of the current gives rise to no further divergences; and the whole expression (32) is indeed regularized by the tower of regulators. The condition (42) also suggests generalizations to spacetime dimensions other than four. In terms of the T a representation of the original multiplet, (42) translates into
13 The number of the two type of vertices involving T a must sum up to n to be compatible with (39).
For real and pseudodreal representations, (−T a ) * = ST a S −1 , the condition is obviously satisfied. This means that all such representations are free of perturbative gauge anomalies since the proposed regularization which explicitly preserves the gauge symmetries works. Although it is true that with a different set of regulator masses, it may be possible to regularize a theory with real representation by a finite tower instead of the infinite one we presented; we nevertheless would like to discuss the more general context and obtain a general condition and regularization scheme for arbitrary representations including complex representations. To do so, we have to introduce an infinite [6] tower, as we have done, and discuss real and pseudoreal representations within this context. However, it may be worthwhile to note that for real and pseudoreal representations, the condition
is satisfied for all values of n. Thus the σ 3 contribution of the current can be argued to be absent even for convergent diagrams. Therefore one can argue that the regularized current is
A more careful consideration with different choices of the regulator masses shows that it is in fact possible to write the regularized currents for real and pseudoreal representations in the above form with the appropriate regulator functions [6] .
We shall now present the complete solution for arbitrary representations including complex representations and show that the invariant regularization scheme works if and only if the chiral theory is free of all perturbative gauge anomalies, including the mixed Lorentz-gauge anomaly.
We may note that since the generators are hermitean, ( (41) is the same as
For n = 2, the equation is trivially statisfied due to the cyclic property of the trace, and this imposes no constraints on T a . The cases n = 1 and n = 3 translate precisely into
respectively. The case of n = 4 imposes no new restrictions if the condition for n = 3 is satisfied. To see this, we decompose the n = 3 condition into antisymmetric and symmetric parts by writing
The first two of these terms vanish due to [T a ,
, and the n = 3 condition,
The final term also vanishes, since in terms of T a ,
Thus the constraints on T a come only from the n = 1 and n = 3 restrictions. The first traceless constraint is precisely the condition in four dimensions for the cancellation of the mixed Lorentz-gauge anomaly [14] , while the second is the requirement for the cancellation of perturbative chiral gauge anomalies [19] . Therefore, we can conclude that the success of this invariant scheme is synonymous with the absence of all perturbative gauge anomalies.
In this scheme, it is clear that anomalous chiral theories manifest themselves by having unregularized divergent fermion loops, whereas anomaly-free theories are regularized in an explicitly invariant manner.
VI. GRAVITATIONAL CURRENTS
We emphasize that in this proposed regularization scheme, all the fermions are left-handed. Therefore only the left-handed spin connection is needed. In the action, all fields are coupled to only the left-handed projection of the spin connection rather than the full spin connection. In the chiral representation,
Note that
is also precisely the Ashtekar connection in the (anti)self-dual formulation of gravity in four dimensions [15, 16] . If gravity is to be described by the (anti)self-dual formulation, then only left-handed fermions are allowed [17, 18] . Thus the regularization scheme studied here is well-suited for the description of all the four known forces in a completely chiral fashion [18] . We also assume as in the first order formulation, that the spin connection and the vierbein are independent, and that the torsion is not necessarily zero.
In a similar manner, we can compute the the current coupled to the spin connection, A µAB . In fact, this leads to the replacement of T a by i 2 σ AB in the expressions (28) to (30). The results are
Again, the effect of the tower of regulators is to replace the divergent bare expression,
(57) By repeating the arguments for the fermion loops with regard to the unregulated σ 3 part, we conclude that (47) and (48) are again the precise conditions for the current to be free of divergences.
We now discuss the energy-momentum tensor. Various proposals for the energy momentum tensors which depend on the choice of the independent variables have been suggested [12] . If the classical bare action is regarded as, S F Ψ L 0 , Ψ L 0 , E µ A , W µa , A µAB , then the energy momentum tensor, Θ µν , is obtained from
where L is the Lagrangian. If the variablesΨ L andΨ L are to be treated as independent integration variables as is suggested by the diffeomorphiosm invariant measure (15) , then the energy momentum tensor T µν regarded as the source current for the background vierbein is
The expression for the corresponding energy momentum tensor is then
In terms of variables which are not densitized,
It can be shown that T µν and Θ µν are related by
The difference between the two is therefore not significant classically when the equations of motion can be imposed. However, at the quantum level, there can be subtleties [12] . Due to the choice of the densitized variables, all mass terms, and in particular, regulator mass terms, are independent of the vierbein; and therefore do not contribute to T µν . The total energy momentum tensor will include the kinetic, but no mass, contributions of all the anticommuting and commuting regulators. The regularized expression becomes
where J α 5 is the ABJ or γ 5 current which will be discussed in the next section. Again, a slight variation of the previous arguments with regard to relevant diagrams proves that the σ 3 part of the energy-momentum tensor gives rise to no divergent fermion loops if conditions (47) and (48) hold. Hence the expression for the energy-momentum tensor is regularized for finite Λ.
We do not densitize the background variables and use, for instance, W Aa ≡ e 1 2 E µ A W µa instead of W µa . This choice would be useful if an explicitly diffeomorphism invariant measure, DW Aa , is required when the path integral formalism is to be applied to the quantization of the gauge fields [12] . In this report, gauge and gravitational fields are to be treated as background fields only.
The energy momentum tensor should be symmetrized if it is regarded as the source of the metric. It is known that there are no perturbative Lorentz anomalies in four dimensions [20, 14] . If the vierbein and the left-handed spin connection are to be dynamically described by the (anti)self-dual formulation of gravity [15, 16] , then the energy momentum tensor appears as the source on the R.H.S. of the corresponding equation of motion for the metric. We also do not hermitize the Weyl action. The difference between the Weyl action and the hermitean version is proportional to the divergence of the ABJ current [18] . As a result the energy-momentum tensor presented in expressions (61) and (64) picks up an imaginary term(in Lorentzian signature spacetimes) proprotional to the divergence of the chiral current. Since the expectation value of the divergence of the ABJ current is not zero in the presence of topologically non-trivial gauge and gravitational backgrounds, there can be subtle violations of discrete symmetries due to the ABJ-anomaly. To concentrate on the regularization scheme here, we postpone these discussions to a separate report. 
VII. THE
is conserved classically i.e. ∂ µ J µ 5 = 0. However, the bare quantum composite current
is divergent. The regularized current is not necessarily conserved. In the generalized Pauli-Villars-Gupta scheme, the mass terms of the regulators break the symmetry explicitly. So for the ABJ current, even at the classical level, the current including the regulators is only partially conserved. The relation is 
The expectation value of the regularized ABJ current is
The previous arguments with regard to the unregulated σ 3 part is still valid. Therefore it can be argued that the ABJ current is regularized in this chiral scheme, and amplitudes from fermion loops generated by the regularized current can be computed explicitly. As noted by Fujikawa, this is however not true for the vector-like formulation [3] . If we double in external, rather than internal space, by including bispinors regulators, then the corresponding result for the ABJ current is
By comparing this expression with the last line of (70), we may note that the essential difference is that the bare current which has a 1 4
(1 − γ 5 )(1 − σ 3 ) projection, is replaced by the regularized versions with 1 4 (1 − γ 5 )(f − σ 3 ) in the chiral formulation, but with
in the vector-like formulation. In the former, the combination ensures that potentially divergent fermion loops come only from the (1 − γ 5 )σ 3 part of the current. These divergences are curbed by the trace conditions (47) and (48). In the vector-like formulation, potential unregularized divergences can come from the γ 5 (1 − σ 3 ) part. The pure parity odd γ 5 part is potentially dangerous. For the gauge current, parity-odd divergent contributions from fermion loops cancel for anomalyfree gauge theories. However, there are divergent parity odd fermion loop diagrams due to the ABJ current which are responsible for the ABJ anomaly [11] . These remain unregularized by the scheme, and such diagrams or processes cannot be computed without further auxilliary regularization [3] . In contrast, this complication is absent in the chiral formulation of the generalized PauliVillars-Gupta method.
It is worth remarking that since all the fields are left-handed, the fermion number current is not independent of the ABJ current, but are related by J µ f = −J µ 5 . Thus the fermion number anomaly is related to the ABJ anomaly in the same manner. Note also that the currents carry weight 1 due to the choice of the densitized commuting and anticommuting variables. Moreover, the chiral regularization preserves the original degeneracy of the fermion number current and the ABJ current in the bare action. This is not true of the vector-like Pauli-Villars Gupta formulation when bispinor regulators are introduced. The degeneracy between fermion number current and the ABJ current is lifted. Bispinor mass terms are also invariant under phase transformations associated with the fermion number, but not under γ 5 transformations. However, neither current is completely free of divergences without additional regularization [3] .
The ABJ anomaly is consistent with the fact that the regularization explicitly breaks the associated symmetry. This can be tolerated since the symmetry is not gauged. The anomaly can be explicitly computed by taking the divergence of the expectation value of the regularized expression (70). Either side of the equation may be used, and they lead to the same result. For instance, instead of evaluating the expectation value of the mass terms on the R.H.S., we can compute the explicit divergence of the chiral current as
G µνa and F µνAB are respectively the curvatures of W µa and A µAB . Note that in the first line of (76) there is a factor of 1 4 in the trace over 2d-dimensional internal space, and Dirac indices. This gives the result which is one half of the chiral anomaly of a vector theory. Because all the fields are Weyl, the factor we get for the gravitational part is also d rather than 2d. This is in agreement with the fact that there are d Weyl fermions coupled to gravity in the bare action.
VIII. REMARKS
We have presented a generalization of the Frolov-Slavnov invariant regularization scheme for chiral fermion theories in curved spacetimes. The Lagrangian level regulaization is explicitly invariant under all the local gauge symmetries of the theory, including local Lorentz invariance. The perturbative scheme works if and only if the chiral gauge anomaly and the mixed Lorentz-gauge anomaly cancellation conditions hold. Anomalous theories manifest themselves by having divergent fermion loops which remains unregularized by the scheme. Since the invariant scheme is promoted to include local Lorentz invariance, spectator fields which do not couple to gravity cannot be, and are not, introduced. Furthermore, in the proposed scheme, the theory is truly Weyl(chiral) in that all fields, including the regulators are left-handed; and only the left-handed spin connection is needed. The scheme is therefore wellsuited for the perturbative study of all four known forces in a completely chiral manner. In contrast with the vector-like formulation, the Adler-BellJackiw current is also regularized.
It should be emphasized that the scheme is perturbative and the success of the scheme is synonymous with the absence of perturbative gauge anomalies. When non-perturbative effects such as global anomalies are present, it is not obvious how they affect the consistency of the chiral theory within the context of the perturbative scheme, although there are some hints on the precise relationship. For instance, it is clear that the perturbative scheme regularizes a theory with a single left-handed internal SU(2) doublet. Yet, it is known that such a theory suffers from the SU(2) global anomaly [22, 23] . By embedding SU(2) in SU(3), the gauge SU(2) global anomaly is shown to be related to the perturbative SU(3) chiral gauge anomaly [21] . Within the context of the perturbative regularization scheme, this implies that the relevant SU(3) fermion loops fail to be regularized. Anomalies also manifest themselves in the inconsistent Jacobian of the measure under a change of variables [10] . It is also known that global anomalies give rise to an inconsistent Jacobian when the transformation of (-1) is considered both as 2π SU(2) rotation and a π γ 5 rotation [23, 18] . In the path integral formulation, the measure for the variables is also taken into account. Thus a path integral formulation which uses the explicitly invariant action which includes the tower of regulators, may yield further consistency conditions required by the cancellation of global anomalies 15 . For instance, if a Euclidean path integral is to include all topologies for four manifolds [24] and hence the required generalized spin structures [25] ; then a further global Lorentz anomaly cancellation condition selects Grand Unified Theories with multiples of 16 Weyl fermions [18, 26] .
Finally, it may be worthwhile to calculate the effective action generated by the theory. For instance, it is known [27] that the Einstein-Hilbert-Palatini action and the cosmological term are among the counter terms when a fermion is quantized in background curved spacetime. The explicit chiral invariant regularization scheme presented here may be used to check the required counter terms. It is possible for example, if the torsion is not assumed to vanish, that the Samuel-Jacobson-Smolin [16] action of the (anti)self-dual formulation of gravity takes the place of the Einstein-Hilbert-Palatini action.
